This article introduces the notion of weak analytic geometry relative to a Noetherian local domain R with finite residue field F q . When R is onedimensional, we recover the theory of dagger spaces over the fraction field Q(R), as developed by Große-Klönne. As an application, we study the Lfunctions of continuous R-valued representations of π 1 (X), where X is a smooth affine variety over F q . We view these representations as continuous families of p-adic representations, parameterized by the points in the rigid generic fiber of R. For suitable "overconvergent" families of representations, we state and prove a trace formula generalizing the well known formulas of Dwork and Monsky. We apply this trace formula to the study of T -adic exponential sums attached to Z p -towers over X. Special cases of this theory have been applied in [5] , [17] , and [22] to prove a spectral halo decomposition of the eigenvarieties attached to these Z p -towers.
then overconvergence is equivalent to the condition that ρ have "finite local monodromy" at every point in X ( [14] , 2.3.7). In the special case that X is affine and smooth, a remarkable trace formula of Monsky [19] , generalizing the Dwork trace formula, shows that the L-function L(ρ, s) is p-adic meromorphic under the weaker assumption that the Frobenius structure of M is overconvergent. In this setting, we may regard the isocrystal M as the analytification of a unit-root σ-module M over a lifting of X to a smooth formal scheme X/Ω. Monsky's criterion is equivalent to the requirement that M be defined over a weak formal Ω-scheme with p-adic completion X.
The goal of this article is to generalize the Dwork-Monsky trace formula when Ω is replaced by a higher-dimensional Noetherian local domain R. The notion of a higherdimensional trace formula was introduced by Liu and Wan to study exponential sums over A n taking values in the 2-dimensional ring R = Z p [[T ]] [16] . In [5] , Davis et al. use this trace formula to give strong p-adic estimates for the zeta functions of ArtinSchreier-Witt coverings of the affine line. Their work may be interpreted as describing the "spectral halo" decomposition of a rigid-analytic eigencurve over the weight space W = Spf(R), analogous to the eigencurve introduced by Coleman and Mazur [4] to study the Igusa tower of modular curves. Their results have since been extended to the case R = Z p [[T 1 , ..., T d ]] in [22] to study the eigenvarieties attached to Z d p -towers over A 1 . It is natural to wonder to what extent these results generalize to other varieties. As a first step in this direction, we will prove a general trace formula for the Artin L-function L(ρ, s), where ρ :
is a suitably "overconvergent" representation, X is a smooth affine variety over k, and R is a Noetherian local domain whose residue field is contained in k. In the case that ρ takes values in a discrete valuation ring, we recover Monsky's trace formula. The T -adic trace formulas of [16] , [5] , and [22] can be recovered as the rank-1 case of our formula for X = A n and R = Z p [[T 1 , ..., T d ]] a power series ring in finitely many variables. Our proof of the trace formula relies on the theory of weak analytic geometry relative to our base ring R. In Sections 1-6, we develop the notion of weak rigid analytic spaces over R. When R is is a discrete valuation ring, this reduces to the theory of dagger spaces over the field Q(R) established in [10] . Langer and Muralidharan have shown that these spaces arise as the generic fibers of weak formal schemes over R [15] . Our construction follows theirs closely: for a complete Noetherian local domain R, we define a category FS † R of weak formal schemes over R. The category Rig † R of rigid analytic spaces over R can be constructed by localizing this category at a suitable class of morphisms known as admissible blow-ups. We may interpret such a space as a continuous family of dagger spaces, parameterized by the continuous maps R ։ Ω taking values in a complete 1-dimensional domain. We equip each weak rigid analytic space with the structure of a locally ringed topos. If X is an object of FS † R and X is its "generic fiber," then we attach to each coherent sheaf F of O X -modules a coherent sheaf F rig of O X -modules referred to as the analytification of F. Passing to completions, we recover the classical generic fiber functor as developed by Raynaud [21] , and Bosch and Lütkebohmert [3] for more general R.
The remainder of the article is devoted to arithmetic applications. Suppose now that R has residue field F q , and that X is a smooth n-dimensional affine variety defined over a finite extension k of F q . In Section 7, we classify the category of continuous representations (1) in terms of a category of σ-modules over a lifting of X to a smooth formal R-scheme. Informally, these are pairs (M, φ) where M is a locally free sheaf and φ is a "Frobenius structure" on M . We attach to each such σ-module an L-function L(φ, s) ∈ R[[s]]. We say that a σ-module is overconvergent if it can be defined over a lifting X of X to a weak formal R-scheme. In Section 8, we develop the theory of Dwork operators on coherent sheaves on the generic fiber X rig . In particular, we show each such operator Θ is of trace class and has a well defined characteristic power series C(Θ, s) ∈ R[[s]], generalizing the p-adic Fredholm theory of Serre [12] . In Section 9, we associate to an overconvergent σ-module (M, φ) a family of Dwork operators θ i (φ) on a modified de Rham complex of M . Our main theorem is: Theorem 0.1 may be interpreted as a "meromorphic continuation" of the L-function L(φ, s). In Section 10, we use Theorem 0.1 to provide a formula for certain exponential sums arising from Z p -towers over X. These exponential sums generalize the T -adic exponential sums of Liu and Wan [16] to arbitrary smooth affine varieties. It would be interesting to know if Theorem 0.1 can be used to obtain a Hodge bound for classical exponential sums over X. In another direction, it seems likely that given an overconvergent σ-module (M, φ), the zero loci of the power series C(θ i (φ), s) should admit a spectral halo decomposition as in [5] and [22] . We expect that these questions can be answered in part by the local theory of overconvergent σ-modules over R, which we hope to discuss in a future article.
All results in this article on formal schemes and rigid analytic spaces are already known. It will be convenient to develop the theories of weak and ordinary analytic geometry in parallel, but in proofs we generally restrict our attention to the weak case. The proofs of most statements readily adapt to the ordinary case by replacing the notion of "weak completion" with ordinary completion, or alternatively all statements can be found e.g. in [1] .
Conventions on Formal Schemes
As is common in formal geometry, we will restrict our attention to a small class of well behaved formal schemes. Let FS + denote the category of locally Noetherian formal schemes which are complete and separated with respect to an ideal of definition. Recall that a morphism f : Y → X in FS + is adic if X admits an ideal of definition I such that f * IO Y is an ideal of definition of Y. Since X is locally Noetherian, every ideal of definition is finitely generated, and it follows that 
We say that the f is locally of finite presentation if f ′ is is locally of finite presentation (as a morphism of schemes). We denote by FS the subcategory of FS + with the same objects, but whose morphisms are adic morphisms locally of finite presentation.
It is often convenient to think of an object of FS + as (locally) the formal completion of an ordinary scheme. Let X be a locally Noetherian scheme, and I a sheaf of ideals on X. Then the I-adic completion X ∞ is an object of FS + . Let ι : X ∞ → X denote the corresponding map of ringed spaces. The I-adic completion of modules defines a functor
which we denote by F → F ∞ . We will mainly be interested in the case that F is a finite O X -module, in which case we have F ∞ = ι * F. If X = Spec(A) is affine and M is an A-module, we writeM for the sheaf of O X -modules associated to M . In this article we will always work relative to a base ring R, which we assume to be a complete Noetherian local domain with maximal ideal m. Let FS R denote the category of morphisms X → Spf(R) in FS. All objects of FS R carry the m-adic topology. Given an object X of FS R , we may write X n for the reduction of X mod m n+1 , so that X = lim − →n X n . If Fin R denotes the category of R-schemes locally of finite presentation, then m-adic completion induces a functor
Suppose that R → S is a map of Noetherian local domains. To every object X of FS R , we define the formal base change
Then X(S) is an object of FS S , and there is an induced morphism X(S) → X in FS + . The assignment X → X(S) gives a formal base change functor
Weak Formal Schemes
The notion of formal schemes with a weakly complete structure sheaf has been developed by Meredith [18] . This section is intended as a brief overview of the theory. We begin by recalling the overconvergent theory of Monsky and Washnitzer. As before, let R be a complete Noetherian local domain and m and ideal of definition. For r ∈ R, let v m (r) = sup i : r ∈ m i .
We say that a power series
The overconvergent power series in n variables form an R-algebra which we denote by
It is well known that this ring is Noetherian [9] . For any R-algebra A, we write A ∞ for its m-adic completion. The weak completion of A is the R-subalgebra A † of A ∞ consisting of elements of the form f (a 1 , ..., a n ), where f ∈ R[X 1 , ..., X n ] † for some n, and a 1 , ..., a n ∈ R. Consequently,M † prolongs uniquely to a Zariski sheaf on Spec(A 0 ). We define the weak formal spectrum of A to be the locally ringed space Spwf(A) = (Spec(A 0 ),Ã † ). Definition 2.4. A locally ringed space is an affine weak formal scheme over R if it is isomorphic to Spwf(A) for some w.c.f.g algebra A over R. A weak formal scheme is a locally ringed space which admits a covering by affine weak formal schemes.
Note that every weak formal scheme over R is locally Noetherian. We denote by FS † R the category of weak formal schemes over R. If X is an object of FS † R , then the m-adic completion X ∞ is an object of FS R . By Lemma 2.1, the induced functor
is faithfully exact. Our next goal is to show that the m-adic completion functor Fin R → FS R factors through FS † R by defining the weak completion of an R-scheme locally of finite presentation. First, we state an easy "gluing lemma" which will be useful for globalizing constructions of w.c.f.g. algebras ( [15] , 2.7):
Lemma 2.5. Let X be a topological space and G a sheaf on X. Let {X i } be an open covering of X, and F i a subsheaf of
Proof. For each open subset U ⊆ X, we let
It is not difficult to see that F is a sheaf on X. If F ′ is a sheaf satisfying F ′ | X i = F i for all i, then by the sheaf axiom there is an inclusion
Proposition 2.6. The m-adic completion functor Fin R → FS R factors uniquely through a functor Fin R → FS We refer to the functor of Proposition 2.6 as weak completion. Given an object X of Fin R , let ι : X † → X denote the corresponding map of ringed spaces. The assignment
which is faithfully exact, by Lemma 2.1. When F is a finite O X -module, F † may be regarded as the weak completion of F. We have the following characterization of coherent modules on a weak formal scheme: Proposition 2.7. Let X be an object of FS † R . The following are equivalent for a sheaf F of O X -modules:
1. F is coherent 2. F is of finite type 3. For every affine open U = Spwf(A) of X, there is a finite A-module such that
Proof. Since the m-adic completion functor
, we may reduce to the case that X = Spwf(A) is affine. Let M = Γ(X, F), which is a finite A-module. There is a canonical mapM → F, inducing a mapM † → F † = F. By Proposition 1.1, this is an isomorphism on the level of m-adic completions. The result follows from the fact that the m-adic completion of O X -modules is faithfully exact.
The weak completion construction can be used to show e.g. that FS † has finite limits and gluings. As in the case of formal schemes, we can also consider the base change of weak formal schemes: Lemma 2.8. Let h : R → S be a continuous map of complete Noetherian local rings, and A a w.c.f.g. algebra over R. Let A ⊗ † R S denote the weak completion of A ⊗ R S as an S-algebra. Then A ⊗ † R S is a w.c.f.g. algebra over S. Proof. Choose a presentation A = R 1 [X 1 , ..., X n ]/a. Since A ⊗ † R S is weakly complete, there is a unique S-algebra map
This map is clearly surjective, thus giving the result. 
Proof. Let X be an object of FS † R . Choose a covering {X i → X} i where X i = Spwf(A i ) for some w.c.f.g. algebra A i over R. Let X i,j = X i ∩ X j . Using Lemma 2.8, we obtain a weak affine formal scheme X i (S) = Spf(A i ⊗ † R S) over S. For each j, there is an open immersion X i,j (S) → X i (S), and the identity map X i,j → X j,i induces an isomorphism X i,j (S) → X j,i (S) (indeed, by Lemma 2.1, this can be checked on the level of completions). Gluing the X i (R), we obtain the desired formal S-scheme X(S).
In the notation of the proof, there is a natural map of ringed spaces X(S) → X. Proposition 2.7 immediately gives the following: Proposition 2.10. Let h : R → S as in Lemma 2.8, and let X be an object of FS † R . For every coherent O X -module F, the O X(S) -module
is coherent.
Admissible Blowing-Up
Henceforth we will let FS * R denote either FS R or FS † R . We will construct the corresponding category Rig * R of (weak) rigid analytic spaces over R by localizing FS * R at a class of morphisms referred to as admissible blow-ups. We begin by recalling the definition for ordinary formal schemes. Let X be an object of FS R , and I an open ideal of O X . The admissible formal blow-up of X along I is the formal R-scheme There is a unique map of weak formal R-schemes X I → X whose m-adic completion is the admissible formal blow-up of X ∞ at I ∞ .
Proof. The underlying map of topological spaces X I → X is simply that of the admissible formal blow-up (X ∞ ) I∞ → X ∞ . To construct the structure sheaf, we use Lemma 2.5. Let G be the structure sheaf of (X ∞ ) I∞ . Choose an open cover {X i } of X such that X i = Spwf(A i ), where A i is a w.c.f.g algebra, and
We define the admissible weak blow-up of X i to be the weak completion of the ordinary blow-up (X i ) I i → X i . Denote this map by U i → X i . The U i form an open cover of X I , and the structure sheaf F i of U i is a subsheaf of G| U i . Again by Lemma 2.1, it we see easily that the conditions of Lemma 2.5 are satisfied, and we let O X I be the corresponding sheaf on X I . Then X I is a weak formal scheme by construction, and we have a natural map of weak formal R-schemes X I → X.
We refer to the map X I → X of Proposition 3.2 as the admissible weak blow-up of X at I. It is not immediately clear that this map is a morphism in FS † R . However, this can be seen from the following description of admissible weak blow-ups in coordinates: Proposition 3.3. Let X = Spwf(A) for some w.c.f.g. algebra A, and I = (a 1 , ..., a n ) an open ideal of A. Write I =Ĩ † . For each i, define
Then the weak affine formal schemes
and X ′ is m-torsion free as well.
Proof. Let X = Spec(A). Then from the theory of ordinary blow-ups, X I is covered by open affine subsets of the form Spec(A i /(a i -tor)). Passing to weak completions, we see that X I is covered by weak affine formal schemes of the form Spwf((A i /(a i -tor)) † ). Since Proof. The problem is local on X and Y, so assume that X = Spwf(A), I =Ĩ † , and Y = Spwf(B). Choose a generating set I = (a 1 , ..., a n ), and let A i , X i be as in the proof of Proposition 3.3. The ideal IB is invertible, say IB = (a i )B. There is a unique map
extending the given map A → B. Gluing these maps gives the desired map Y → X I . To see uniqueness, note that for every map Y → X I with π −1 IO Y generated by a i , the image of Y must lie in X i . But we have just seen that there is a unique such map.
At this point, we may define the category Rig * R to be the localization of FS * R at the class of admissible blow-ups. We will denote the localization functor by X → X rig and f → f rig for morphisms. A model of an object X in Rig * R is defined to be an object X in FS *
where the vertical arrows are isomorphisms. We now consider some good categorical properties of the admissible blow-ups in FS * R : Lemma 3.5. Let X ′′ → X ′ and X ′ → X be two admissible blow-ups in FS * R . Then the composition X ′′ → X is an admissible blow-up.
Proof. Suppose first that X = Spwf(A) is affine, and that X ′ → X is the admissible blow-up of X atĨ † for some open ideal I of A. Let J be an open sheaf of ideals on X ′ for which X ′′ → X ′ is the weak admissible blow-up of X ′ at J . Let X = Spec(A), so that X ′ → X is the weak completion of the ordinary blow-up X I → X. We claim J is the weak completion of an open sheaf of ideals J ′ on X I . To see this, we will apply Lemma 2.5. Choose a covering
Then by passing to m-adic completions and using Lemma 2.1, it follows that the collection J ′ j satisfy the conditions of Lemma 2.5, giving the desired sheaf J ′ on X I . The composition
is a composition of (scheme-theoretic) blow-ups and therefore is the blow-up of X at some open ideal I ′ . To see the general case, recall that the blow-up of schemes commutes with flat base change, and therefore so does the construction of the ideal I ′ . Using Lemma 2.5, we may cover X by weak affine formal schemes and glue the resulting (I ′ ) † to obtain an open ideal I of O X . We may check locally that the inverse image of I in X ′′ is an invertible sheaf, and therefore we have an X-morphism X ′′ → X I . By the preceding local construction, this map is in fact an isomorphism. 
Lemmas 3.5-3.7 together imply that the class of admissible blow-ups in FS * R constitute a left multiplicative system of morphisms. In particular, a morphism X rig → Y rig may be represented by a diagram X ϕ ← − X ′ → Y, where ϕ is an admissible blow-up if FS R . These diagrams are subject to the usual equivalence relation which allows one to define their composition, see e.g. [23, Tag 04VB] for details. We can use the universal property of localization to show that the construction of Rig * R is well behaved with respect to m-adic completion and base change:
There is a unique m-adic completion functor Rig † R → Rig R compatible with the m-adic completion of weak formal schemes, in the sense that the following diagram commutes:
The m-adic completion of an admissible weak blow-up is an admissible formal blow-up. It follows that the composition FS † R → FS R → Rig R sends admissible weak blow-ups to isomorphisms. The universal property of localization gives the desired functor Rig † R → Rig R . Proposition 3.9. Let h : R → S be a continuous map of complete Noetherian local rings. There is a unique weak base change functor Rig * R → Rig * S compatible with (weak) formal base change in the sense that the following diagram commutes:
Proof. We need only show that the composition FS * R → FS * S → Rig * S sends admissible blow-ups to isomorphisms. Let I be an open ideal of O X . Following the proof of Lemma 3.6, there is a diagram of ringed spaces
where Y is the completion of X(S) × X X I and ϕ and ψ are admissible blow-ups in FS * S . It follows that π rig is an isomorphism in Rig * S .
The Admissible Topology
As in classical rigid geometry, the objects of Rig * R are not ringed spaces, but we can attach to each object X a locally ringed topos X ad such that: (1) for any object X of FS * R , there is a morphism of ringed topoi X rig ad → X zar , where X zar denotes the Zariski topos on X and (1) every morphism in Rig * R is a morphism of ringed topoi. In this section we construct the topos X ad as a "limit" of Zariski topoi along the admissible blow-ups X ′ → X of some model X of X . We defer the construction of the structure sheaf to Section 5.
A 
For an object X of Rig * R , define the category Ad X to be the category of all open immersions U → X . If X is an object of FS * R , we let Zar X denote the Zariski site of X, and X zar the associated topos. The admissible topology on Ad X is defined to be the coarsest topology such that for every model X of X , the canonical map Zar X → Ad X is continuous. We say that a family of open immersions {X i → X } i is an admissible covering if it is a covering in the admissible topology on X . Let X ad be the topos of sheaves on Ad X . Lemma 4.1. The map Zar X → Ad X preserves finite limits. In particular, there is an induced morphism of topoi sp : X ad → X zar .
Proof. This is immediate from Lemmas 3.5-3.7. 
where the top left square is cartesian. Then (U → X) rig is an open immersion, and by Lemma 4.1 this map agrees with the base change of V → Y along X → Y.
If {U i → X} i is a Zariski covering of some model X of X , then by Lemma 4.1 {(U i → X) rig } i is a covering in Ad X . Using Lemma 4.2, we can verify that the collection of all such coverings on Ad X constitutes a Grothendieck pretopology. The corresponding topology is necessarily coarser than the admissible topology. But clearly the functors Zar X → Ad X are continuous with respect to this topology as well. It follows that this topology coincides with the admissible topology on Ad X . 
Fix a model X of X . It will be convenient to assemble all of the admissible blow-ups of X and their Zariski sites into a single object. Define the category Tot X as follows: the objects of Tot X are triples (X ′ , ϕ, U), where ϕ : X ′ → X is an admissible blow-up and
Let Bl X denote the category of admissible blow-ups ϕ : X ′ → X. Then the forgetful functor
gives Tot X the structure of a fibered category over Bl X : a morphism f :
is cartesian if and only if f −1 (U 2 ) = U 1 . The fiber over ϕ : X ′ → X is canonically isomorphic to the Zariski site Zar X ′ . We denote by
the inclusion of the fiber. The total topology on Tot X is the coarsest topology for which the maps α ϕ! are continuous. The total topology is also the finest topology for which the maps α ϕ! are cocontinuous ( [2] , VI. 7.4.3). The total topos X tot of X is defined to be the topos of sheaves on Tot X .
From the construction of the category Rig * R , the functor
sending (X ′ , ϕ, U) to the open immersion (U → X) rig is precisely the localization of Tot X at the class of cartesian morphisms. In the terminology of ( [2] , VI. 6.3), Ad X is the inductive limit of Tot X over Bl op X . The terminology means the following: the choice of cleavage of the fibration Tot X → Bl X uniquely determines a pseudo-functor
. The category Ad X is the inductive limit of this pseudo-functor. The functor (3) is evidently a morphism of sites, and therefore induces a morphism of the associated topoi π : X ad → X tot
As the functors α ϕ! are both continuous and cocontinuous, they give rise to an adjoint triple ( [2] , VI. 7.4.3):
be the corresponding morphisms of topoi, and µ ϕ = a ϕ • π : X ad → X ′ zar .
Proposition 4.4. The following data are equivalent:
For each admissible blow-up ϕ : X ′ → X, a sheaf F ϕ in X ′ zar , and for each morphism
Moreover, two sheaves F and G in X tot are isomorphic if and only if F ϕ ∼ = G ϕ for all ϕ.
Proof. This is ([2] , VI. 7.4.7). We briefly recall the construction for (i) ⇒ (ii). Let F be an object of X tot . For each admissible blow-up ϕ :
Applying F to this morphism, we get a map
Note in particular that this map depends only on the choice of cleavage. Consequently, two sheaves F and G on X tot are isomorphic if and only if the sheaves F ϕ and G ϕ are isomorphic for each ϕ.
Finally, we have the following description of the topos X ad as a subtopos of the total topos X tot : Theorem 4.5. The functor π * is fully faithful. Its essential image is the subcategory of sheaves F in X tot for which the maps γ f (F) are isomorphisms for all morphisms f in Bl X .
Proof. This is ( [2] , VI. 8.2.9-8.2.10). Theorem 4.5 gives us a method of constructing sheaves on Ad X by assembling compatible collections of sheaves on the admissible blow-ups X ′ → X. In the following section, we use this method to equip each X ad with the structure of a ringed topos. To conclude this section, we give some remarks on the compatibility of the admissible topology with m-adic completion and base change: Proposition 4.6. Let X be an object of Rig † R . Then m-adic completion induces a morphism of sites Ad X → Ad X∞ and consequently a geometric morphism (X ∞ ) ad → X ad .
Proof. Note that for any model X of X , the composition
is a morphism of sites. Given a Zariski covering {U i → X} i , its image under (6) is an admissible covering of X ∞ . Since the admissible topology is generated by coverings of the form {(U i → X) rig } i , we see that m-adic completion sends admissible coverings to admissible coverings. It remains to show that this functor sends fiber products to fiber products. But given two open immersions U 1 → X and U 2 → X , there exists a model X of X and open immersions U i → X such that (U i → X) rig = U i → X . The statement follows from the fact that both Zar X → Ad X and (6) preserves fiber products.
Proposition 4.7. Let h : R → S be a continuous map of complete Noetherian local rings. Then for any object X of Rig * R , the natural map Ad X → Ad X (S) is a morphism of sites, and therefore induces a geometric morphism X (S) ad → X ad .
Proof. For any model X of X , there is a morphism of sites
The result follows by arguing as in the proof of Proposition 4.6.
Analytification
Let X be an object of FS * R , and X = X rig . Our next goal is to associate to each O Xmodule F a sheaf F rig on Ad X , called the analytification of F. By Theorem 4.5, it suffices to construct a sheafF on the total site Tot X such that the morphisms γ f (F ) of Proposition 4.4 are isomorphisms. We first recall the definition of the Z-closure of a module on a scheme ( [6] , IV. 5.9). Let X be a scheme, Z a closed subscheme of X, and F a sheaf of O X -modules. If ι : X\Z → X denotes the canonical injection, the Z-closure of F is defined to be the O X -module
The sheaf H 0 X/Z (O X ) is naturally an O X -algebra. We regard the functor
Lemma 5.1. Suppose that X is an R-scheme of finite presentation, Z = Spec(X 0 ), and F is quasi-coherent. The canonical map
is an isomorphism.
Proof. See ([1], 2.10.3).
Suppose now that F is a quasi-coherent sheaf on X. Define the sheaf
is a sheaf of O X -algebras on X, and again we regard H 0 as a functor Mod(O X ) → Mod(H 0 (O X )). In the affine case, we have the following description of the functor H 0 :
Proposition 5.2. Suppose that X = Spf(A) (resp. X = Spwf(A)), and M is an Amodule of finite type. Let F be the coherent sheaf of O X -modules associated to M , and let X = Spec(A). Then H 0 (F) is the m-adic completion (resp. weak completion) of
Proof. Let ι : X → X be the map of ringed spaces induced by weak completion. Since F is finite, so is the
There is a functorial map
By ([1], 2.10.4), this map induces an isomorphism on m-adic completions, and hence here is an isomorphism of O X -modules. The statement follows immediately since ι * commutes with direct limits.
It follows easily that the functors H 0 commute with m-adic completion. For each morphism f : Y → X in FS * R , we have a map
defined by composition of the canonical maps
Evidently, the m-adic completion of β f (F) is the map β f∞ (F ∞ ). By ([1], 2.10.28.2), these maps satisfy a cocycle condition expressed by the commutativity of the following diagram:
Fix an object X of FS R and a quasi-coherent sheaf F on X. We define a sheaf on Tot X using Proposition 4.4 as follows: for each admissible blow-up ϕ : X ′ → X, we defineF ϕ to be the sheaf H 0 (ϕ * F). For each morphism f :
The diagram (7) indicates that these maps satisfy the cocycle condition (5) and therefore determine a unique sheafF on Tot X . To see that this sheaf descends to a sheaf on Ad X , we require the following:
Theorem 5.3. (Tate's Acyclicity Theorem). For every coherent sheaf F of O X -modules, the maps γ f (F) are isomorphisms. Consequently,F descends to a sheaf F rig on Ad X .
Proof. Let f : (X ′ 1 , ϕ 1 ) → (X ′ 2 , ϕ 2 ) be a morphism in Bl X . We must show that the map
is an isomorphism. Recall however that the m-adic completion functor
2 )∞ ) is faithfully flat. The m-adic completion of the map (8) is precisely the map β f∞ ((ϕ 2 ) * ∞ F ∞ ), which is an isomorphism by ([1], 3.5.5).
In light of the theorem, we may define the sheaf F rig to be the sheaf on Ad X associated toF . Note that this does not depend on the choice of model X. Let O X = O rig X for some model X of X . There is a morphism of ringed topoi
given by the morphism sp : X ad → X zar of Proposition 4.3 and the canonical map
Proof. The underlying map of topoi is given by Proposition 4. 
Proof. The underling map of topoi ι is given by Proposition 4.6. Let U → X be a model of an open immersion U → X . Then
The desired map is given by the m-adic completion O X (U) → O X∞ (U ∞ ) and functoriality of H 0 .
Proposition 5.6. Let h : R → S be a continuous map of Noetherian local domains. Then base change induces a morphism of ringed topoi (X (S) ad , O X (S) ) → (X ad , O X ).
Proof. The underlying morphism of topoi δ is given by Proposition 4.7. Again we construct a morphism O X → δ * O X (S) . Let U → X be a model of U → X . Then
. Now the map of ringed spaces X(S) → X gives a morphism O X (U) → O X(S) ((U × X X(S)) ∞ ), and the desired map is given by functoriality of H 0 .
Rigid Points
As the final step in our discussion of (weak) analytic geometry, we attach to each object X of Rig * R an underlying "set of points" X . Recall that a point of the topos X ad is a morphism of topoi Set → X ad . It will be convenient to work with a smaller class of rigid points, which can be interpreted as certain closed (weak) formal subschemes of a model X of X. We will show that the family of rigid points of X is conservative, in the sense that a morphism in X ad is an isomorphism if and only if it induces isomorphism at the stalks of every rigid point of X . Definition 6.1. An R-algebra Ω is an R-point if Ω is a 1-dimensional local domain of finite type over R. Note that the lemma implies that every R-point Ω is automatically a w.c.f.g. algebra over R. The locally ringed spaces Spwf(Ω) and Spf(Ω) are isomorphic, and we do not distinguish between the two. If P = Spwf(Ω), then the residue field of P is defined to be the field of fractions k(P ) = Q(Ω). The field k(P ) is naturally equipped with a discrete valuation coming from the integral closure Ω.
If X is an object of FS * R , we let X denote the set of equivalence classes of immersions
where P = Spwf(Ω) is an R-point. We say that X is the set of rigid points of X. When there is no risk of confusion, we may identify an immersion P → X with its associated rigid point of X. Proof. We may assume that X = Spwf(A) and Y = Spwf(B) are affine. Let P = Spwf(Ω), and Ω ′ the image of B in Ω. Since Ω is finite over Ω ′ , Ω ′ is an R-point. The desired rigid point of Y is the closed immersion corresponding to B → Ω ′ .
As a consequence of Lemma 6.4, we see that the assignment X → X defines a functor FS Proof. Let X be an object of FS † R . It is clear that there is an injective map X → X ∞ . To see that this map is surjective, let t : P = Spf(Ω) → X ∞ be a rigid point of X ∞ .
Choose an affine open subset U = Spwf(A) of X such that U ∞ = Spf(A ∞ ) contains the image of t. Then the composition A → A ∞ → Ω has dense image, and so it is necessarily surjective. The corresponding closed immersion of weak formal R-schemes is an element of X whose m-adic completion is t. Now let X = X rig . We would like to speak of the set of rigid points of X , but first we must show that this is independent of the choice of model:
Proof. We will construct an inverse to the map X ′ → X . We assume without loss of generality that X = Spwf(A) is affine. Let P → X be a rigid point corresponding to a map A → Ω. Choose an ideal I of A such that X ′ → X is the admissible blow-up of X at I. Since the intergral closure Ω is a discrete valuation ring, the ideal IΩ is invertible. It follows that there is a finite integral extension Ω ⊆ Ω ′ such that IΩ ′ is invertible. Note that Ω ′ is an R-point. By the universal property of admissible blow-ups, the map
Choose an affine open subset V = Spwf(B) of X ′ containing the image of Spwf(Ω ′ ). Replacing Ω ′ by the image of B under the map B → Ω ′ , we obtain a rigid point of X ′ . It is straightforward to see that the image of this point in X is our original point P → X.
By the universal property of localization, the rigid points functor FS
• R → Set factors through a unique functor Rig • R . The underlying set of rigid points of the analytic space X is again denoted by X . The rigid-points perspective allows us to view X as a family of classical analytic spaces in the following way: Let P : R → Ω be a rigid point of R, and X P the base change of X along P . Then X P is an object of Rig * Ω , which By Raynaud [21] (resp. Langer and Muralidharan [15] ) is the category of rigid analytic spaces (resp. dagger spaces) over the residue field k(P ).
Let X be a model of X and P → X a rigid point. By ([1], 4.4.4), the topos P ad is a punctual topos, i.e. it is isomorphic to the category of sets. The induced morphism P rig ad → X ad is a point of the topos X ad . Note that the composition
is a Zariski point sp(P ) of X which we refer to as the specialization of P . Specialization defines a map X → |X|. Explicitly, if X = Spwf(A) and P : A → Ω, then sp(P ) is the preimage of the maximal ideal of Ω in A.
Theorem 6.7. Then the family of functors {X ad → Set} indexed by X is conservative. In other words, a morphism F → G in X ad is an isomorphism if and only if for every rigid point P → X , the map F P → G P is an isomorphism.
Proof. One direction is clear, so suppose that for every rigid point P → X , the map F P → G P is an isomorphism. Let X be a model of X . By Propositions 4.4 and 4.5, F ∼ = G if and only if for every admissible blow-up ϕ : X ′ → X, the sheaves F ϕ = (µ ϕ ) * F and G ϕ = (µ ϕ ) * G are isomorphic in X ′ zar . Now let P → X be a rigid point of X and P → X ′ the underlying rigid point of X ′ . If x = sp(P ) is the associated Zariski point of X ′ , then by assumption the map F → G induces an isomorphism
The theorem will follow if we can show that for some model X of X , the specialization map X → |X| is surjective. By Proposition 6.5, it suffices to check this statement on the level of m-adic completions. 
Proof. One direction is clear. It suffices to show that a section s ∈ F(U ) is the zero section if and only if s P is the zero section in F P for all rigid points P → U . Let G be the O U -module generated by the global section s. Then by assumption, the map 0 → G induces an isomorphism at the rigid points of X , and the result follows from Theorem 6.7.
σ-Modules
We now turn to our main arithmetic application of studying how the L-functions of p-adic representations varying in a family. Let X = Spec(A 0 ) be a smooth affine variety over a finite field k of characteristic q. Choose a power q = p f such that F q is contained in k. Let R be a Noetherian local domain with maximal ideal m and residue field F q . Let A be a smooth R-algebra such that A/mA = A 0 . Since A is smooth over R, such an R-algebra always exists [7] . A lifting of Frobenius for A is an R-endomorphism of A reducing to the q-Frobenius endomorphism of A 0 . Such a lifting always exists e.g. if A is a w.c.f.g. algebra over R. We assume in this section that we are given a fixed lifting of Frobenius σ.
Definition 7.1. A σ-module over A is defined to be a pair (M, φ), where M is a finite projective A-module, and
is an R-linear map. We say that (M, φ) is a unit-root σ-module if φ is an isomorphism.
A morphism (M, φ) → (M ′ , φ ′ ) of σ-modules over A is simply an A-module homomorphism M → M ′ making the square
commute. Let Mod(σ, A) denote the category of σ-modules over A, and Mod 0 (σ, A) the full subcategory of unit-root σ-modules. If B is a second R-algebra equipped with a lifting of Frobenius τ , and f : A → B is an R-algebra map satisfying f • σ = τ • f , then we have a base-change functor
is a σ-module over A, then base change along the map A → A n = A/m n+1 yields a σ-module (M n , φ n ) over A n . If A ∞ denotes the m-adic completion of A, then (M, φ) prolongs uniquely to a σ-module over A ∞ .
Letx be a fixed geometric point of X. Our primary interest in σ-modules is their connection to p-adic representations of the fundamental group π 1 (X,x). The following theorem is originally due to Katz, in the special case R = Z q [13] : Theorem 7.2. The category Mod 0 (σ, A ∞ ) is equivalent to the category of finite-rank R-representations of π 1 (X,x).
Proof. Suppose that π 1 (X,x) → GL(V ) is a finite-rank R-representation. Let V n = V /m n+1 V . Then the composition
classifies a finiteétale map A 0 → B n which lifts to anétale map A n → B ′ n . Let
which is a free B ′ n -module of finite rank. Equip M ′ n with the diagonal GL(V n )-action. Then M ′ n is a GL(V n )-equivariant object in the stack of projective B n -modules. By uniqueness in the lifting of σ to B ′ n , it follows that
By descent, the we obtain a pair (M n , φ n ), where M n is a projective A n -module of finite rank and φ n : σ * M n → M n is an isomorphism. These pairs are compatible with base change along A n+1 → A n , and we may define the σ-module (M, φ) to be their inverse limit.
Conversely, suppose that (M, φ) is a σ-module over A ∞ . For everyétale map A ∞ → B, let M φ (B) be the Z p -module consisting of the φ⊗ σ-invariants in M ⊗ A∞ B. This defines a sheaf of Z p -modules on theétale site of A ∞ which is isomorphic to a constant sheaf V , where V is a free R-module of finite rank. The reduction V n is a constant sheaf of free R/m n+1 -modules on A n , and therefore corresponds anétale torsor for the finite (hence affine) group-scheme GL(V n ). This torsor is representable by anétale map A n → B ′ n , and the reduction A 0 → B n gives a map π 1 (X,x) → GL(V n ). These maps are compatible and therefore yield the desired representation of π 1 (X,x). Remark 7.3. The preceding construction is functorial in the following sense: Let Y = Spf(B ∞ ) be a smooth affine formal R-scheme with special fiber Y = Spec(B 0 ). Suppose that τ is lifting of Frobenius for B ∞ , and f : Y → X is compatible with σ and τ . Letȳ be a geometric point of Y andx its image in X. Then we have a map
Given a representation ρ : π 1 (X,x) → GL(V ) as in Theorem 7.2, we have a corresponding σ-module (M, φ) over A ∞ . The representation ρ pulls back to a representation of π 1 (Y,ȳ), whose corresponding τ -module is the base change of (M, φ) along A ∞ → B ∞ .
Let (M, φ) be a σ-module over A ∞ . For each closed point x ∈ |X|, we let k(x) denote the residue field of x and deg(x) = [k(x) : F q ] the degree of x over F q . Define
is an m-adically complete R-algebra with special fiber k(x). Note that R(x) inherits a lifting of Frobenius F from the canonical lifting on W (k(x)). By a result of Monsky [19] , the point x : A 0 → k(x) lifts uniquely to an R-algebra map
which is compatible with the given liftings of Frobenius. We refer tox as the Teichmüller point above x. The fiber of (M, φ) is defined to be the F -module (M x , φ x ) over W (k(x)) obtained by base change alongx. The module M x is free of finite rank. Let E(x) denote the matrix of φ x with respect to some basis. The map φ x is only F -linear, but the iterate φ
is R-linear, with matrix
In particular, the characteristic polynomial of φ
is F -invariant, and therefore lies in R[s].
With E(x) defined as above, a routine computation shows that we may also write
Suppose that (M, φ) is a unit-root σ-module. Let x be a closed point andx → x a geometric point above x. Then (M, φ) corresponds to a representation ρ : π 1 (X,x) → GL(V ), and the fiber (M x , φ x ) corresponds to the pullback
Note that ρ x sends the canonical generator F deg(x) to the action of Frob x on V . It follows that ρ(
, and so L(φ, s) agrees with the L-function of the representation ρ over X. Definition 7.5. Two σ-modules over A ∞ are equivalent if they have the same Lfunction. If A is a w.c.f.g. algebra, an overconvergent σ-module is defined to be any σ-module over A ∞ which is equivalent to the m-adic completion of a σ-module over A.
Note that equivalence of σ-modules may be checked on the fibers at the closed points in |X|. In fact, it suffices to check that the matrices (10) have the same characteristic polynomial.
Dwork Operators
Let R be as in the previous section, A a w.c.f.g. algebra over R, and σ a lifting of Frobenius for A. If M is a finite A-module, we define a Dwork operator on M to be an R-linear map Θ :
Alternatively, we may regard a Dwork operator as an R-endomorphism Θ : M → M satisfying the relation Θ(σ(a)m) = aΘ(m) for all a ∈ A and m ∈ M . When R is a discrete valuation ring, Monsky [19] showed that a Dwork operator Θ on M induces a nuclear operator on the Q(R)-vector space M ⊗ R Q(R). In particular, the induced operators have a well defined trace Tr(Θ) which Monsky shows is an element of R. In this section we extend Monsky's theory of Dwork operators to our more general setting. Let X = Spwf(A) and X = X rig . As in the preceding section, we regard X as a family of dagger spaces parameterized by the rigid points of R. For every such point P : R → Ω, we denote by X P = Spf(A P ) the base change of X along P and X P = X rig P . Let M be a finite A-module, so that the sheaf M = (M † ) rig is a coherent sheaf of O X -modules. For each P , let M P = M ⊗ A A P , and M P the coherent sheaf (M † P ) rig of O X P -modules. Then from classical rigid analytic geometry, Γ(X P , M P ) is the A P ⊗ Ω k(P )-module
We may regard V P as a vector space over the discrete valuation field k(P ), typically of infinite dimension. Definition 8.1. We say an R-endomorphism Θ : M → M is of trace class if:
1. For each P ∈ R , the induced operator Θ P on V P is nuclear, in the sense of [19] .
2. There exists a section s ∈ Γ(X , M) such that s P = Tr(Θ P ) for all P ∈ R .
If Θ is an operator of trace class, then by Corollary 6.8, the section s in Definition 8.1 is necessarily unique, and we denote this element by Tr(Θ). By Monsky's theorem, for every nuclear operator Θ : M → M , the induced operator on V P is nuclear. Our goal in this section is to prove the following generalization: Theorem 8.2. Every Dwork operator Θ on M induces an operator of trace class. Furthermore, Tr(Θ) is an element of R.
We begin the proof of Theorem 8.2 with a reduction process. Choose a presentation
We may regard M as a module over the ring B = R[X 1 , ..., X n ] † . Choose a resolution
of M by free B-modules. The functor σ * is exact, and sends free modules to free modules. It follows that σ * F • → σ * M is a free resolution, and therefore we have induced Dwork operators Θ k : σ * F k → F k for each k.
Lemma 8.3. If Θ k is of trace class for each k, then Θ is of trace class and
Proof. By Corollary 6.8, it suffices to check that for every P ∈ R , the image of (11) in k(P ) is equal to Tr(Θ P ). But this follows from ( [19] , 1.4).
In light of the Lemma, we may assume that B = A and that M is a free A-module of finite rank, say M = j A. Let q j : A → M denote the jth canonical injection. Choose a set of generators m = (π 1 , ..., π d ). Recall that the admissible weak blow-up X m → X admits an open covering by affine weak formal schemes X i = Spwf(A i ) such that mA i = π i A i . We may regard A i as an algebra over the ring
Note that the map Spwf(R i ) → Spwf(R) induces an open immersion on the level of weak rigid analytic spaces. We now restrict our attention to the operator Θ i for a fixed i. We equip the field Q i = Q(R i ) with the π i -adic valuation. By Monsky, Θ i induces a nuclear operator on the vector space
However, Q i may not be π i -adically complete and R i is not the full valuation ring of π i , so we cannot deduce immediately that Θ i is of trace class. To proceed, consider the family of subspaces indexed by c > 0:
Then M i is the union of all M Proof. This is ( [19] , 2.4).
To complete the proof of Theorem 8.2, consider the basis of V i defined by
Since M i is stable under Θ i , the matrix C of Θ i with respect to this basis has coefficients in R. For each c > c 0 , let C (c) denote the matrix of Θ i with respect to the basis {e (c)
i,j,u }. The element Tr(Θ i ) is defined as the limit of the traces of certain finite submatrices of C (c) . Since the corresponding finite submatrices of C are similar, it follows that these traces are equal and therefore are elements of R i . Finally, since R i is weakly complete, Lemma 8.5 (ii) guarantees that this limit converges in R i .
Note that the operators induced by Θ i on V Definition 8.6. The characteristic power series of Θ is defined to be
By ( [19] , 1.3) characteristic power series C(Θ, s) has the property that for every rigid point P : R → Ω of R, its specialization in Ω[ [s] ] is the Fredholm determinant C(Θ P , s) of the nuclear operator induced by Θ P on V P .
The Trace Formula
We again assume that R is a complete Noetherian local domain with maximal ideal m and residue field F q . Let X = Spec(A 0 ) be a smooth affine variety over a finite field k containing F q , and A a smooth w.c.f.g. algebra over R lifting A 0 . Fix a lifting of Frobenius σ : A → A, and let (M, φ) be a σ-module over A. In this section we construct canonical Dwork operators on a modified de Rham complex of M , and show that the L-function L(φ, s) may be written as an alternating product of their characteristic power series. When R is a discrete valuation ring, we recover the trace formula of Monsky [19] .
Write Ω • A for the complex of continuous differentials of A. By ( [20] , 4.6), each Ω i A is a finite projective A-module. For brevity, let B = σ(A). By Nakayama's lemma and smoothness of A, we see that A is a finite projective B-module of rank q dim(X) . In particular, the localization A m is a finite free B m -module, and there is a well defined B m -linear trace map Tr : A m → B m .
We aim to show that the restriction of Tr to A prolongs to a map of complexes Tr • :
First, we need:
Proof. Both modules are free A m -modules of the same (finite) rank. By ( [20] , 8.1), the induced map
is an isomorphism. In particular, (12) is necessarily injective. To see that this map is surjective, note that its reduction mod m is an isomorphism. The result follows by Nakayama's lemma.
Let α • denote the inverse of the isomorphism (12) . Then Tr • is defined to be the composition
Proof. Let P : R → Ω be a rigid point of R. By base change along R → Ω → k(Ω), we obtain a map of complexes
We will show first that this restricts to a map Ω • A P → Ω • B P . Let Ω be the integral closure of Ω in Q(Ω), so that Ω is a discrete valuation ring. Write A P = A P ⊗ Ω Ω and similarly for B P . Then A P and B P are smooth and integrally closed w.c.f.g. algebras over Ω ( [20] , 6.3). The induced map
is precisely the trace map of Monsky and Washnitzer, which maps Ω 
The exterior product defines a perfect pairing
via which we identify the dual (
We define a Dwork operator θ n−i (φ) on Ω n−i M ∨ by sending f :
Proof. It suffices to check the equality at the rigid points of R. Let P : R → Ω be a rigid point of R and M P the base change of M along P . The map φ induces a σ-module structure on M P ⊗ Ω Ω, and the L-function of this σ-module agrees with that of (M, φ). On the other hand, the Dwork operators θ • (φ) extend to Dwork operators on Ω • A P and the traces of these operators depend only on their action on Ω • A P ⊗ Ω k(P ). Consequently we may assume that Ω is a discrete valuation ring, but then the statement is Monsky's trace formula as given in [24] .
Application: T -adic Exponential Sums
In this final section we connect our trace formula to the theory of T -adic exponential sums, as introduced in [16] . We define these sums in the following much more general setting: let X = Spec(A 0 ) be a smooth affine variety over a finite field k containing F q . Let A be a w.c.f.g. algebra over Z p with special fiber A 0 , and let σ : A → A be a lifting of the absolute Frobenius. For any element f ∈ A ∞ , we define the degree-d T -adic exponential sum
Here, we identify the Galois group of F q d /F p with the automorphism group of Z q d /Z p .
To study these sums, we define the generating function
, and W = Spf(R) rig . Given a rigid point P : R → Ω of W, the specialization S f (P (T ), d) is a classical (p-adic) exponential sum with values in Ω. We regard the sum S f (T, d) as a family of classical exponential sums, parameterized by the rigid points of W. Our goal is to understand the p-adic variation of the L-functions L f (P (T ), s) as P varies.
We begin by discussing how T -adic exponential sums arise naturally from Z p -towers. Fix a geometric pointx of X. We define a Z p -tower to be a continuous homomorphism
Write A n = A/m n+1 A for all n ≥ 0. By the lifting property ofétale morphisms, the smallétale site Aé t of A ∞ is equivalent to that of A n for all n. Consider theétale sheaf of Z p -modulesG a on Aé t represented by the formal group G a = Spf(Z p t ). We define a homomorphism ℘ :G a →G aé tale-locally via
for anyétale A ∞ → B.
Lemma 10.1. There is an exact sequence ofétale sheaves of Z p -modules
where Z p denotes the constantétale sheaf associated to Z p .
Proof. It suffices to prove that the statement mod m, i.e. that the sequence ofétale sheaves of Proof. Takingétale cohomology of the exact sequence (14), we have a long exact sequence
Now H 1 (Aé t , Z p ) = Hom(π 1 (X,x), Z p ), and
thus giving the desired isomorphism.
Remark 10.3. The same argument yields an isomorphism
A n /℘A n ∼ − → Hom(π 1 (X,x), Z/p n Z).
We can describe this map explicitly: given a ∈ A n , Lemma 10.1 shows that there exists anétale map A n → B n with Galois group Z/p n Z such that ℘(b) = a admits a solution in B n . The desired map then sends g → (gb − b).
Let α f : π 1 (X,x) → Z p denote the Z p -tower associated to our chosen f ∈ A ∞ . Every continuous character χ : Z p → Ω × taking values in a Z p -point pulls back to a character χ f of π 1 (X,x). We can interpolate all such characters by a single transcendental character
Then λ has the following universal property: for every χ : Z p → Ω × as above, there is a unique map of Z p -algebras P χ : R → Ω making the diagram In other words, the set W of rigid points of R is precisely the set of continuous characters χ : Z p → Ω × . Proof. Let d = [k(x) : F q ]. Fix a separable closure k s /k(x), and let F be the absolute Frobenius automorphism of k s . Then G = Gal(k s /k(x)) is generated by F d . By Proposition 10.2, the element f (x) ∈ W (k(x)) classifies a Z p -extension k ′ /k(x). Then explicitly, α f (Frob x ) = α f (x) (F d ).
For each n, let k n be the unique intermediate extension of degree p n . Write f n for the image of f in A n . Then by Remark 10.3, there exists b n ∈ B n such that ℘(b n ) = f n (x). The image of g = F d in Z/p n Z is then
Taking inverse limits, we get the desired result.
As a consequence of the lemma, we see that L f (T, s) is equal to the L-function of the universal character λ f . Let A ∞ (R) denote the completed base change of A ∞ along Z p → R. By Theorem 7.2, λ f corresponds to a rank-1 σ-module (M f , φ f ) over A ∞ (R). Our next goal is to determine the structure of this σ-module. We will construct an explicit map of Z p -modules
a → E a such that (M f , φ f ) is equivalent to the free rank-1 σ-module (A ∞ , E f • σ) (where we identify E f with an endomorphism of A ∞ by left multiplication). Before giving this construction, we state an easy Witt vector lemma: Lemma 10.5. There is a unique map of Z p -modules ∆ σ : A ∞ → W (A ∞ ) compatible with σ and the canonical Frobenius endomorphism of W (A ∞ ).
Proof. This follows from ([11], 17.6.8), taking φ p i (a) = σ i (a) and φ n (a) = 0 when n is not a power of p.
We identify the underlying additive group of W (A ∞ ) with the Z p -module Λ(A ∞ ) = 1 + tA ∞ [[t] ] in the standard way. Using ( [11] , 17.6.1), is not difficult to work out the map ∆ σ : A ∞ → Λ(A ∞ ) explicitly. Namely for a ∈ A ∞ , we have
Recall that the Artin-Hasse exponential series is the power series
For any r ∈ m, there is a well defined element E(r) ∈ R. By a standard argument, this series defines a bijection m i → 1 + m i .
In particular, there is a unique π ∈ m such that E(π) = 1 + T . The composition
is a Z p -module homomoprhism which we denote by a → E a . Proof. We need only check that for every closed point x ∈ |X|, the fibers of these σ-modules at X are equivalent. This amounts to showing the equality
Note that we have an expansion Now let A(R) be the weak base change of A to a w.c.f.g. algebra over R. It follows from the above that the σ-module (M f , φ f ) is overconvergent if and only if the representative f can be chosen such that E f ∈ A(R). In this case we can apply Theorem 0.1 to get an explicit formula for the exponential sums S f (T, d):
Theorem 10.7. Suppose that f ∈ A ∞ is such that E f ∈ A(R). Define the Dwork operator
